The process of neutrino production of electron positron pairs in a magnetic field of arbitrary strength, where electrons and positrons can be created in the states corresponding to excited Landau levels, is analysed. The mean value of the neutrino energy loss due to the process ν → νe − e + is calculated. The result can be applied for calculating the efficiency of the electron-positron plasma production by neutrinos in the conditions of the Kerr black hole accretion disc considered by experts as the most possible source of a short cosmological gamma burst. The presented research can be also useful for further development of the calculation technic for an analysis of quantum processes in external active medium, and in part in the conditions of moderately strong magnetic field, when taking account of the ground Landau level appears to be insufficient.
Introduction
An intense electromagnetic field makes possible the processes which are forbidden in a vacuum such as the neutrino production of an electron-positron pair ν → νe − e + . The list of papers devoted to an analysis of this process and the collection of the results obtained could be found e.g. in Ref. 1 . In most cases, calculations of this kind were made either in the crossed field approximation, or in the limit of a superstrong field much greater than the critical value of B e = m , when electrons and positrons mainly occupy the ground Landau level, however, a noticeable fraction may be produced at the next levels.
The indicated hierarchy of physical parameters corresponds to the conditions of the Kerr black hole accretion disk, regarded by experts as the most likely source of a short cosmological gamma-ray burst. The disc is a source of copious neutrinos and anti-neutrinos, which partially annihilate above the disc and turn into e ∓ pairs, νν → e − e + . This process was proposed and investigated in many details 2-7 as a possible mechanism for creating relativistic, e ∓ -dominated jets that could power observed gamma-ray bursts. In Ref. 8 , in addition to νν annihilation, the contribution of the magnetic field-induced process ν → νe − e + to the neutrino energy deposition rate around the black hole was also included.
However, in calculations of the efficiency of the electron-positron plasma production by neutrino through the process ν → νe − e + in these physical conditions, it should be kept in mind that approximations of both the crossed and superstrong field have a limited applicability here. We know a limited number of papers, [9] [10] [11] [12] where the probability of neutrino-electron processes was investigated, as the sum over the Landau levels of electrons (positrons). In the papers, Refs. 9-11, only the neutrino-electron scattering channel in a dense magnetized plasma was studied, which was the crossed process to the considered here neutrino creation of electron-positron pairs. In the paper Ref. 12 , also devoted to the study of the process ν → νe − e + , the analytical calculations were presented in a rather cumbersome form, caused by the choice of solutions of the Dirac equation. The final results for the process probability were obtained by numerical calculations for some set of Landau levels occupied by electrons and positrons. In astrophysical applications, there exists probably more interesting value than the process probability, namely, the mean value of the neutrino energy loss, caused by the influence of an external magnetic field. Thus, the aim of this paper is the study of the process ν → νe − e + in the physical conditions of the moderately strong magnetic field, where the electrons and positrons would be born in the states corresponding to the excited Landau levels, and the theoretical description would contain a relatively simple analytical formulas both for the process probability and the mean value of the neutrino energy loss, for a wide range of Landau levels. In Sec. 2, the exact solutions of the Dirac equation for the electron and positron in a magnetic field are presented, being the eigenfunctions of the covariant operator of magnetic polarization. Sec. 3 is devoted to the calculation of the partial polarization amplitudes of the process, both in general terms and in special cases when the results are described by rather simple analytical formulas. In Sec. 4, the probabilities are obtained for the main polarization channels, presented in the form of double and triple integrals. The final results obtained by numerical calculations for all channels considered in Ref. 12 are in a good agreement with the results of that paper. Sec. 5 is devoted to the calculation of the neutrino energy losses caused by the process ν → νe − e + in a moderately a We use natural units c = = k B = 1, me is the electron mass, and e is the elementary charge.
strong magnetic field i.e. in the conditions of the Kerr black hole accretion disk. Possible astrophysical applications are discussed.
Solutions of the Dirac equation for an electron in a magnetic field
There exist several descriptions of the procedure of obtaining the electron wave functions in the presence of an external magnetic field by solving the Dirac equation, see e.g. Refs. 13-19 and also Refs. 1, 20. In the most cases, the solutions are presented in the form with the upper two components of the bispinor corresponding to the electron states with the spin projections 1/2 and -1/2 on the magnetic field direction. Here, we have found it more convenient to use another representation of the electron wave functions. In Ref. 15 , an operator was introduced which was called the generalized spin tensor of the third rank. In modern standard notations, the operator takes the form
where σ µν = (γ µ γ ν − γ ν γ µ )/2, and P λ = i∂ λ + e A λ = (i∂ 0 + e A 0 , −i∇ + eA) is the generalized four-momentum operator with A λ being the four-potential of an external magnetic field. Taking the component F µν0 of the operator (1) and taking into account that in the Schrödinger form of the Dirac equation one has i∂ 0 = H, where H = γ 0 (γP ) + m e γ 0 − eA 0 is the Dirac Hamiltonian, one can construct the vector operator
where ε ijk is the Levi-Civita symbol. This is the magnetic moment operator, 15, 16 which can be presented in the form
It is straightforward to show that the components of the operator (3) commute with the Hamiltonian, i.e. H and µ z have common eigenfunctions. In the nonrelativistic limit, the operator (3) is transformed to the ordinary Pauli magnetic moment operator, thus having an obvious physical interpretation. It appears to be convenient to use the electron wave functions as the eigenstates of the operator µ z 15, 16
where P = −i∇ + eA. We take the frame where the field is directed along the z axis, and the Landau gauge where the four-potential is: A λ = (0, 0, xB, 0).
b It should be noted that in Ref. 15 , the covariant bilinear forms were constructed of Dirac matrices by inserting them not between bispinorsψ and ψ as accepted in modern literature, 21 but between bispinors ψ † and ψ.
In this approach, the electron wave functions have the form
where
Note that the value p z in Eq. (5) is a conserved component of the electron momentum along the z axis, i.e. along the field, while the value p y is the generalized momentum, which determines the position of a center of the Gaussian packet along the x axis. The functions Ψ s p,n (X) satisfy the equation:
The bispinors u s n (ξ) in Eq. (5) take the form:
Here, V n (ξ) (n = 0, 1, 2, . . . ) are the normalized harmonic oscillator functions, which are expressed in terms of Hermite polynomials H n (ξ):
The wave function of an electron with negative energy that corresponds to a positron in a final state, with positive energy ε ′ ℓ and the momentum components p ′ y , p ′ z , in the presence of external magnetic field, which also satisfies the equation (7), can be written as:
The bispinors v (11) take the form:
Obvious advantages of such a choice of the solutions of the Dirac equation will become apparent from the subsequent analysis.
Partial polarization amplitudes
We use the standard calculation technics, see e.g. Ref.
1. The effective local Lagrangian of the process can be written in the form
where the electron field operators are constructed on a base of the above-mentioned solutions of the Dirac equation. The constants C V and C A for different neutrino types are:
where θ W is the Weinberg angle. The conditions of applicability of the effective Lagrangian (15) should be specified. First, it is the condition of relatively small momentum transfers, |q 2 | ≪ m 2 W , where m W is the W boson mass. And second, the condition that additionally arises in an external magnetic field, is eB ≪ m 2 W . Both of these conditions are obviously satisfied in the considered physical situation.
Calculation of the S matrix element of the process ν → νe
, when the electron and the positron are created in the nth and ℓth Landau levels, is more complicated computational task than in the case of the ground Landau level. following integrals appear in the calculations:
where, for n ℓ
and L k n (x) are the generalized Laguerre polynomials.
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Hereafter we use the following notations: ϕ αβ = F αβ /B is the dimensionless tensor of the external magnetic field,φ αβ = 1 2 ε αβµν ϕ µν is the dual dimensionless tensor; the dimensionless tensors Λ αβ = (ϕϕ) αβ , Λ αβ = (φφ) αβ are connected by the relation Λ αβ −Λ αβ = g αβ . The tensor indices of four-vectors and tensors standing inside the parentheses are contracted consecutively, e.g.: (ϕϕp) α = ϕ αβ ϕ βλ p λ . The four-vectors with the indices ⊥ and belong to the Euclidean {1, 2}-subspace and the Minkowski {0, 3}-subspace, correspondingly (we remind that the magnetic field is directed along the 3d axis), then p
An invariant amplitude of the process ν → νe
is extracted by the standard way from the S matrix element:
′ is the change of the four-vector of the neutrino momentum equal to the fourmomentum of the e − e + pair, and V = L x L y L z is the total volume of the interaction region.
Constructing the S matrix element with the effective Lagrangian (15) 
and similarly the amplitudes M 
Here, η is an inessential phase factor, j α is the Fourier transform of the neutrino current, and we have omitted the argument (q 
and the invariants:
We emphasize the remarkable property of the partial amplitudes (20)- (21), corresponding to different polarization states of the electrons and positrons, namely, their manifestly relativistic invariant form. On the contrary, the amplitudes obtained with using the solutions for a fixed direction of the spin, do not have Lorentz invariant structure. Only the amplitudes squared, summed over the electron and positron polarization states, are manifestly Lorentz-invariant. Thus, our approach is an alternative to the method where the amplitudes squared are calculated, summed over the fermion polarization states, with using the fermion density matrices, see e.g. Refs. 23, 24.
4. The probability of the process ν → νe − e
+
The total probability of the process ν → νe
is, in a general case, the sum of the probabilities of the four polarization channels:
For each of the channels, the differential probability over the final neutrino momentum per unit time can be written as
where T is the total interaction time, and the elements of the phase volume are introduced for the electron and the positron:
Given Eq. (19) , integration over the momenta of the electron and positron is reduced to one nontrivial integral:
After integration with δ-functions, the covariants (22)- (25) can be written in the form
Here, ζ = ±1 is the sign factor associated with the two roots of the equation at θ = π/2 on the magnetic field strength for several final states (n, ℓ), where the electron and the positron are created in the lower excited Landau levels. argument in Eq. (29) . In the frame where q z = 0, ζ is the sign of the p z component, which is not fixed by the equation.
From the analysis of the solvability of that equation, the condition arises:
which determines the range of integration over the final neutrino momentum. In turn, the condition (34) can be satisfied when the energy of the initial neutrino exceeds a certain threshold value. In the reference frame, hereafter called K, where the momentum of the initial neutrino directed at an angle θ to the magnetic field, the threshold energy is given by:
(35) Fig. 1 shows the dependence of the threshold energy E thr at θ = π/2 on the strength of the magnetic field for several final states, where the electron and the positron are created in the process ν → νe − (n) e + (ℓ) in the lower excited Landau levels. The graph shows that for the channels (n, ℓ) = (1, 0), (2, 0), (3, 0) , and accordingly (0, 1), (0, 2), (0, 3), the threshold energy is lower than for the channel (1, 1) . The analysis show that the expressions for polarization amplitudes (20) and (21) are significantly simplified when one of the particles, electron or positron, is born in the ground Landau level. The amplitudes take the simplest form in the case of a sufficiently strong field, 2βn ≫ m 2 e . The amplitudes for the channels (n, 0) and (0, n), where n 1, and with s = s ′ = −1 can be written with the single formula:
Two more non-zero polarization amplitudes differ from (36) by the phase factors only, so that we have
In the considered approximation, the widths of the processes ν → νe 
where Θ(x) is the step function. It is convenient to perform further integration over the final neutrino momentum, without loss of generality, not in an arbitrary reference frame K, but in the special frame K 0 , where the initial neutrino momentum is perpendicular to the magnetic field, P z = 0. One can then return from K 0 to K by the Lorentz transformation along the field (recall that the field is invariant with respect to this transformation). Indeed, one can see that the product E W , determined from Eq. (39), contains only the invariants.
In the formula (39), it is convenient to use the dimensionless cylindrical coordinates in the space of the final neutrino momentum vector P ′ :
Here, E ⊥ is the energy of the initial neutrino in the frame K 0 , which is connected with its energy E in an arbitrary frame K by the relation E ⊥ = E sin θ.
After the change of variables (40), the expression of (39) can be transformed to
The terms in Eq. (41) linearly depending on z determine the asymmetry of the final neutrino emission with respect to the magnetic field, and these terms do not contribute to the probability. However, they appear to be important when the differential probability from Eq.(41) is used for calculating the asymmetry of the averaged neutrino momentum loss. The expression (41) can be integrated analytically over the φ angle, e.g. for n = 1 one obtains:
where b = 2β/E 2 ⊥ , and I n (x) are the modified Bessel functions.
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The probabilities of the process ν → νe
, evaluated numerically as the functions of the initial neutrino energy and on the strength of the magnetic field for all channels considered in Ref. 12 , where the electron and positron are created in the lower Landau levels, are in a good agreement with the results of that paper.
Neutrino energy and momentum losses
The probability of the ν → νe − e + process defines its partial contribution into the neutrino opacity of the medium. The estimation of the neutrino mean free path with respect to this process gives the result which is too large 1 compared with the typical size of a compact astrophysical object, e.g. the supernova remnant, where a strong magnetic field could exist. However, a mean free path does not exhaust the neutrino physics in a medium. In astrophysical applications, we could consider the values that probably are more essential, namely, the mean values of the neutrino energy and momentum losses, caused by the influence of an external magnetic field. These values can be described by the four-vector of losses Q α ,
where q is the difference of the momenta of the initial and final neutrinos, q = P −P ′ , dW is the total differential probability of the process. The zeroth component of Q α is connected with the mean energy lost by a neutrino per unit time due to the process considered, I = dE/dt. The space components of the four-vector (44) are similarly connected with the mean neutrino momentum loss per unit time, F = dP /dt. It should be noted that the four-vector of losses Q α can be used for evaluating the integral effect of neutrinos on plasma in the conditions of not very dense plasma, e.g. of a supernova envelope, when an one-interaction approximation of a neutrino with plasma is valid. 4, 7, 25, 26 Otherwise, to evaluate the neutrino energy deposition in the conditions of dense medium, e.g. in the supernova core, where a neutrino participates in multiple interactions, one should solve general neutrino transport equations.
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In Ref. 8, the formula (10) for the energy deposition rate was taken, which was calculated in the crossed field limit. 25, 26 By the way, the value q α defined by Eq. (10) of Ref. 8 is not the 4-vector while the value Q α = E q α is. However, in the region of the physical parameters used in Ref. 8 (B to 180 B e , E ν to 25 MeV), the approximation of a crossed field is poorly applicable, as well as the approximation of a superstrong field when e − e + are created in the ground Landau level. The contribution of the next Landau levels which can be also excited, should be taken into account. We present here the results of our calculation of the mean neutrino energy losses caused by the process ν → νe − e + in a moderately strong magnetic field, i.e. in the conditions of the Kerr black hole accretion disk.
We parametrize the energy deposition rate as:
e /π, and the dependence on the initial neutrino energy and the field strength is described by the function f (E/m e , B/B e ). This function calculated in Refs. 25, 26 in the crossed field limit had the form
On the other hand, in the strong field limit when both electron and positron are born in the ground Landau level, the function f (y, η) was also calculated in Refs. 25, 26 and can be presented in the form
In conditions of moderately strong magnetic field, when the electron and the positron are created in the process ν → νe − (n) e + (ℓ) in the nth and ℓth Landau levels, the result has more complicated form. It is significantly simplified when one of the particles, electron or positron, is born in the ground Landau level. We obtain the contribution of the channels ν → νe 
In Figs. 2-4 , the function f (y, η) obtained in different approximations is shown at B = 180B e , 100B e , 50B e . It can be seen that the crossed field limit gives the overstated result which is in orders of magnitude greater than the sum of the contributions of lower excited Landau levels. On the other hand, the results with e − e + created at the ground Landau level give the main contribution to the energy deposition rate, and almost exhaust it at B = 180B e . This would mean that the conclusion 8 that the contribution of the process ν → νe − e + to the efficiency of the electron-positron plasma production by neutrino exceeds the contribution of the annihilation channel νν → e − e + , and that the first process dominates the energy deposition rate, does not have a sufficient basis. A new analysis of the efficiency of energy deposition by neutrinos through both processes, νν → e − e + and ν → νe − e + , in a hyper-accretion disc around a black hole should be performed, with taking account of our results for the process ν → νe − e + presented here.
Conclusions
In the paper, a calculation is performed of the mean value of the neutrino energy loss due to the process of electron-positron pair production, ν → νe − e + , in the magnetic field of an arbitrary strength at which the electrons and positrons can be produced in the states corresponding to the excited Landau levels, which could be essential in astrophysical applications. In calculations, the exact solutions were used of the Dirac equation for an electron in a magnetic field, which are simultaneously the eigenfunctions of the covariant operator of a magnetic polarization. This allowed to calculate the partial amplitudes corresponding to different polarization states of the electrons and positrons in a manifestly relativistic invariant form. The results obtained should be used for calculations of the efficiency of the electron-positron plasma production by neutrinos in the conditions of the Kerr black hole accretion disk, regarded by experts as the most likely source of a short cosmological gammaray burst. In those conditions, the crossed field limit used in the previous calculations led to the overstated result which was in orders of magnitude greater than the sum of the lower Landau levels. The study may be also useful for further development of computational techniques for the analysis of quantum processes in an external active environment, particularly in conditions of moderately strong magnetic field, when the allowance for the contribution of only the ground Landau level is insufficient. 
